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Prime Two-dimensional Orders and Perpendicular Total Orders
IMED ZAGUIA
Starting with a correspondence between prime two-dimensional orders and pairs of perpendicular
total orders we put in perspective several asymptotic results, we deduce an estimate of the number of
prime two-dimensional orders (labelled and unlabelled as well). Using Poisson approximation, we
give a new proof of the fact that the proportion of total orders perpendicular to a given total order is
asymptotically e−2 D 0:1353 : : :.
c© 1998 Academic Press
1. INTRODUCTION
Given an order P on a set V (i.e., a reflexive, antisymmetric and transitive binary relation
on V ), a map f of V to V is order preserving (or an endomorphism) if x1 P x2 implies
f .x1/ P f .x2/. Actually, the constant maps and the identity map are endomorphisms of
every order and are called trivial. In [4], Demetrovics, Miyakawa, Rosenberg, Simovici and
Stojmenovic´ introduced the notion of perpendicular orders as a pair of orders on the same
underlying set sharing only the trivial endomorphisms. This notion arises naturally from a
problem on maximal clones in universal algebra. The present article is motivated by the
following result from Nozaki, Miyakawa, Pogosyan and Rosenberg [9].
THEOREM 1. (1) Every total order on a set having at least four elements has a perpendicular
total order.
(2) If q.n/ is the number of total orders on f1; : : : ; ng perpendicular to a given total order
then lim
n!1 q.n/=nW D e
−2
.
It is our purpose here to give a new proof of Theorem 1 and to establish some new results about
the enumeration of prime 2-dimensional orders. This enumeration exploits the relationship
between 2-dimensional orders and permutations. In fact, we are merely counting certain
classes of permutations.
2. THE MAIN DEFINITIONS AND RESULTS
Let  be a binary relation on a set V , i.e., a subset of V  V . An autonomous set (or an
interval) for  is a subset A of V such that
.v; a/ 2  H) .v; a0/ 2  and .a; v/ 2  H) .a0; v/ 2 
holds for all a; a0 in A and v in V − A.
The empty set, the whole set V and the singletons in V are autonomous sets said to be trivial.
A binary relation is prime (or indecomposable) if it has no non-trivial autonomous set.
The next result gives the asymptotic number of prime 2-dimensional orders in the labelled
and unlabelled case as well. We recall that the dimension [5] of an order P is the minimum
number of total orders whose intersection is P . Such total orders form a realization of P .
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THEOREM 2. (1) The number of unlabelled prime 2-dimensional orders on an n-element
set is asymptotically 12 nWe−2 and the proportion of such orders among 2-dimensional orders
is e−2.
(2) For the labelled case, the numbers are, respectively, 12 .nW/2e−2 and e−3=2.
The proof of Theorem 2 is based in part on the next result, which establishes a link between
prime 2-dimensional orders and pairs of perpendicular total orders.
THEOREM 3. Two total orders L1 and L2 on the same finite set V are perpendicular if and
only if the 2-dimensional order L1 \ L2 is prime.
In [6], El-Zahar claimed that the proportion of unlabelled prime 2-dimensional orders among
all unlabelled 2-dimensional orders is asymptotically equivalent to the proportion p.n/ of
permutations  of f1; : : : ; ng satisfying
8i 2 f1; : : : ; n − 1gj.i C 1/− .i/j > 1:
Using Poisson approximation, we prove
THEOREM 4. lim
n!1 p.n/ D e
−2
.
First we prove Theorem 3 then, using some known asymptotic results, we prove Theorem 2
(Section 4). Section 5 is devoted to the proof of Theorem 4. In Section 6 we prove Theorem
1. We show that
1− q.n/
nW D
r.n/
nW C 1− p.n/
where lim
n!1 r.n/=nW D 0. In fact, r.n/ is the number of total orders sharing a non-trivial
autonomous set of size at least 3 with en and no autonomous set of size 2.
3. STRUCTURAL ASPECTS OF PRIME 2-DIMENSIONAL ORDERS
In this section we prove Theorem 3. To the best of our knowledge no proof has been
published. The authors of [2] refer to [7] and [11] for a proof. However, in these two articles,
the results published there are weaker than Theorem 3.
In [7], it is claimed without proof that every maximal (with respect to inclusion) autonomous
set for L1\ L2 is autonomous for L1 and L2 except when L1\ L2 has at least three connected
components.
In [11], it was shown that Theorem 3 is true for properly autonomous sets. An autonomous
set for P , with 1 < jAj < n, is said to be properly autonomous for P if
(1) The subgraph of the comparability graph of P induced by A is connected; and
(2) The suborder of P induced by V − A does not consist only of isolated vertices.
To prove Theorem 3 we need three lemmas.
LEMMA 1 ([9]). Two total orders L1 and L2 on the same finite set V are perpendicular if
and only if L1 and L2 do not have a non-trivial autonomous set in common.
PROOF. .H)/ Suppose that L1 and L2 have a non-trivial autonomous set A in common
and let a 2 A. The map f from V to V defined by f .x/ D a if x 2 A and f .x/ D x if x 62 A
is a non-trivial endomorphism of L1 and L2.
.(H/ Suppose that L1 and L2 have a non-trivial endomorphism f in common. Since f
is not 1-1 then there exists v 2 V such that j f −1.v/j  2. Clearly f −1.v/ is a non-trivial
autonomous set for L1 and L2. 2
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LEMMA 2. Let .i /i2I be a family of binary relations on the same set V . If A is an
autonomous set for i for each i 2 I , then A is an autonomous set for  D \fi V i 2 I g and
0 D [fi V i 2 I g.
PROOF. Let x; y 2 A and z 2 V − A. Then
.x; z/ 2  H) 8i 2 I .x; z/ 2 i H) 8i 2 I .y; z/ 2 i H) .y; z/ 2 : (1)
By the same token .z; x/ 2  H) .z; y/ 2  and so A is autonomous for . To prove the
same for 0 it suffices to replace 8 by 9 in (1). 2
If  is a binary relation on V then −1 is the binary relation defined on V by .x; y/ 2
−1 () .y; x/ 2 . The binary relation  is a tournament if it is reflexive and if .x; y/ 2
 () .y; x/ 62  holds for all x; y 2 V and x 6D y.
LEMMA 3. Let .i /i2I be a family of tournaments on a set V and let k 2 I . If A is
autonomous for
\
i2I
i and if for all i 2 I − fkg, A is autonomous for i and for i \ k , then
A is autonomous for k .
PROOF. Since A is autonomous for
\
i2I
i then A is autonomous for
.
\
i2I
i /
−1 D
\
i2I
.i /
−1:
Let i 2 I . Since i is a tournament we have
.V 2 − i /
[
1V 2 D −1i
where 1V 2 D f.v; v/ V v 2 V g. So\
i2I
.i /
−1 D
\
i2I
..V 2 − i /
[
1V 2/:
A is then autonomous for V 2 − .
[
i2I
i /, hence A is autonomous for
[
i2I
i .
Since
k −
[
i2I−fkg
i D .V 2 − .
[
i2I−fkg
i //
\
.
[
i2I
i /;
A is autonomous for k −
[
i2I−fkg
i . Hence, A is autonomous for
k D .
[
i2I−fkg
.i
\
k/
[
.k −
[
i2I−fkg
i /
proving the Lemma. 2
PROOF OF THEOREM 3. Let L1; L2 be two total orders on a finite set V and P D L1 \ L2.
.(H/ If L1 and L2 are not perpendicular, then according to Lemma 1, L1 and L2 have a
non-trivial autonomous set in common. From Lemma 2 we deduce that P is not prime.
.H)/ By contraposition. Suppose that P has a non-trivial autonomous set A. By Lemma
3 we can suppose that A is autonomous neither for L1 nor for L2. We consider two cases.
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FIRST CASE: There exists A0 autonomous for L1 such that A0  A and jA0j  2. We choose
A0 to be maximal with this property. Let A0L2 be the smallest autonomous set for L2 containing
A0. We claim that A0L2  A. Suppose, on the contrary, that there exists x 2 A0L2 − A. Since
in a total order autonomous sets are intervals, there exist a; b 2 A0 such that a <L2 x <L2 b.
Since A0 is autonomous for L1 then .x <L1 a and x <L1 b/ or .a <L1 x and b <L1 x/, so
either (x is incomparable to a in P and x <P b) or (x is incomparable to b in P and a <P x),
contradicting the fact that A is autonomous for P . Our claim is thus proved.
By interchanging the roles of L1 and L2 we have that the smallest autonomous set for L1
containing A0L2 , .A
0
L2/L1 , is a subset of A. Hence, A
0  A0L2  .A0L2/L1 . Since A0 is maximal
it is a common non-trivial autonomous set for L1 and L2.
SECOND CASE: Between each pair of distinct elements of A lies an element of V − A in
L1.
Let a; b 2 A. There exists x 62 A such that a <L1 x <L1 b. Since A is autonomous for P
then b <L2 x <L2 a. This implies that
8a; a0 2 A; a 6D a0; 9x 2 V − A V a <L2 x <L2 a0 (2)
and
8x; y 2 A.x <L1 y () y <L2 x/: (3)
Let x; y 2 A such that x <L1 y and let t 2 Tx; yUL1 . If t 62 A then from (2) we deduce
that t 2 Ty; xUL2 . If t 2 A then from (3) we deduce that t 2 Ty; xUL2 . Hence, Tx; yUL1 is
autonomous for L1 and L2. If Tx; yUL1 6D V then it is a common non-trivial autonomous set
for L1 and L2. If Tx; yUL1 D V and jV j > 3 then J D V − fx; yg is a non-trivial autonomous
set for L1 and L2. If jV j D 3 then it is clear that L1 and L2 have a common non-trivial
autonomous set. This completes the proof of the Theorem. 2
4. COUNTING PRIME 2-DIMENSIONAL ORDERS
Denote by D2.n/ the set of 2-dimensional orders on f1; : : : ; ng and set d2 D jD2.n/j. Let
P D2.n/ be the set of prime orders from D2.n/ and set pd2.n/ D jP D2.n/j. Such orders are
called labelled; when they are considered up to an isomorphism they are called unlabelled,
and we add the superscript u to the notations above, e.g., Du2 .n/ denotes the collection of
unlabelled 2-dimensional orders on an n-element set and du2 .n/ D jDu2 .n/j. The set Du2 .n/ can
be viewed as the quotient of D2.n/ under the action of Sn , the symmetric group on f1; : : : ; ng.
The equivalence class of an element P 2 D2.n/ is denoted by TPU. A permutation  of
f1; : : : ; ng induces the following order
.1/ < .2/ <    < .n/:
For example, the identity en induces the natural order
1 < 2 <    < n:
Permutations  and  are perpendicular if the associated total orders are perpendicular.
Let e?n be the set of permutations perpendicular to en and set q.n/ D je?n j. Two maps f and
g fromN toN are said to be asymptotically equivalent, and we write f  g, if lim
n!1
f .n/
g.n/
D 1.
We will need the following three results from, respectively, Chowla, Herstein and Moore [3]
and El-Zahar and Sauer [7].
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LEMMA 4 ([3]). Let T .n/ D f 2 Sn V 8i 2 f1; : : : ; ng..i// D ig. Then
jT .n/j  .
n
e
/
n
2 e
p
n
p
2e
1
4
:
In particular, jT .n/j=nW tends to 0 when n tends to infinity.
LEMMA 5 ([7]). A prime 2-dimensional order has a unique realization.
LEMMA 6 ([7]). du2 .n/ 
1
2
nW.
The first result of this section is:
PROPOSITION 1. pdu2 .n/ 
nW
2e2
and
pdu2 .n/
du2 .n/
 1
e2
.
PROOF. Define a map f as follows:
f V e?n −! P Du2 .n/
 7−! T \ enU
This map is well defined by Theorem 3. It is also subjective, since we can suppose that en
appears in a realization of every P 2 Du2 .n/.
Let  2 e?n and let  0 2 Sn such that T 0 \ enU D T \ enU. There exists then  2 Sn such
that . 0 \ en/ D  \ en , so
 0 \  D  \ en D f . /:
Since the order f . / is prime it has a unique realization (Lemma 5). Hence, . D en and
 D  0/ or . D  0 and  0 D −1/. Thus, for all  2 e?n we have
 D f 0 2 Sn V T 0 \ enU D T \ enUg D f−1;  g:
This suggests to introduce the set A.n/ such that
A.n/ D f 2 Sn V  6D −1g:
Since A.n/; T .n/ is a partition of Sn we have
pdu2 .n/ D je?n \ T .n/j C
1
2
je?n \ A.n/j
and
q.n/ D je?n \ A.n/j C je?n \ T .n/j:
From these two equalities we deduce that
pdu2 .n/ D
q.n/
2
C je
?
n \ T .n/j
2
:
Hence,
pdu2 .n/ D
q.n/
2
C O.jT .n/j/: (4)
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Since
q.n/
nW 
1
e2
and lim
n!1
jT .n/j
nW D 0
then
pdu2 .n/ 
nW
2e2
:
As
du2 .n/ 
nW
2
we obtain
pdu2 .n/
du2 .n/
 1
e2
:
The Proposition is then proved. 2
REMARK. (1) In order to obtain pdu2 .n/  12 q.n/we need to know Nozaki et al.’s Theorem,
or at least the fact that q.n/=nW has a non-zero limit.
(2) In [2], Bayoumi, El-Zahar and Khamis described an exact enumeration (recursive) of
unlabelled 2-dimensional orders and of prime unlabelled 2-dimensional orders. They computed
du2 .n/ and pd
u
2 .n/ for n  15.
Define the probabilities 1 and 2 on Du2 .n/ and D2.n/ respectively by
1.P/ D 1du2 .n/
for all P 2 Du2 .n/
and
2.P/ D w.P/
nW2 for all P 2 D2.n/;
where w.P/ is the number of ways of representing P as the (order) intersection of two total
orders. In [11, Theorem 4.6], Winkler proved:
LEMMA 7. Let8 be an isomorphism-invariant statement about 2-dimensional orders which
has a limiting probability either in .Du2 .n/; 1/ or .D2.n/; 2/. Then a limiting probability
exists in the other case as well and the two probabilities are equal.
The next result gives the asymptotic number of labelled prime two-dimensional orders.
PROPOSITION 2.
pd2.n/  nW
2
2e2
and
pd2.n/
d2.n/
 1
e
p
e
:
PROOF. Since being prime is an isomorphism-invariant statement thenX
P2P D2.n/
w.P/
nW2 
pdu2 .n/
du2 .n/
 1
e2
:
As w.P/ D 2 for a prime 2-dimensional order P then
pd2.n/  nW
2
2e2
:
In [11], Winkler proved:
d2.n/  nW
2
2
p
e
:
Hence,
pd2.n/
d2.n/
 1
e
p
e
;
proving the Proposition. 2
Prime two-dimensional orders and perpendicular total orders 645
5. POISSON APPROXIMATION
In [6], El-Zahar pointed out that the proportion of prime unlabelled 2-dimensional or-
ders among all 2-dimensional orders, that is pdu2 .n/=d
u
2 .n/ is asymptotically p.n/. Since
lim
n!1 d
u
2 .n/=nW= 12 [7] and limn!1 pd
u
2 .n/=nW= 12 e−2 (Proposition 1) it follows that limn!1 p.n/ D
e−2. We give a direct proof of this result using Poisson approximation [1].
We start this section by introducing some notions from probability theory. (For a fine source
for information about probability theory see Feller [8].) Let .S;P.S/; P/ be a probabilistic
space, a finite non empty set S and a probability measure P on P.S/, the power set of S. We
recall that a random variable on S is a map X from S into the integers and that the expectation
of X is the real number E.X/ VD
X
i2X .S/
i PfX−1figg.
The distribution of X , denoted by L.X/ is the probability measure on N defined by
L.X/fkg D PfX−1fkgg for all k 2 N:
We will use the notation PfX D kg for PfX−1fkgg.
We can also define, given a new random variable Y such that PfY D kg 6D 0, the conditional
distribution of X given Y D k and denoted by PfX jY D kg as follows
PfX jY D kgf jg D PfX D j \ Y D kg
PfY D kg :
Let  be a positive real number. The Poisson distribution of the parameter  is the probability
Po./ defined on the integers by
Po./fig VD e− 
i
i W :
Let I1; : : : ; Ik denote a sequence of k random variables such that
Ii .S/  f0; 1g for all i 2 0 VD f1; : : : ; kg and let W VD
kX
iD1
Ii . Our aim is to see how ‘close’
Po./ andL.W / are where  VD E.W / i.e., the expectation of W . ‘Close’ means the distance
total variation between Po./ and L.W /
dT V .L.W /; Po.// D sup
AN
jL.W /.A/− Po./.A/j
is small.
Suppose that there exist random variables .Ji j ; i; j 2 0/ defined on S such that
L.Ji j / D L.I j jIi D 1/ for all i; j 2 0: (5)
For all j 2 0, let .0−j ; 0Cj ; 00j / be a partition of 0 − f jg such that
Ji j  Ii8i 2 0Cj ;
Ji j  Ii8i 2 0−j ;
and without conditions if i 2 00j .
With the conditions above the following Theorem holds [1, p. 25, Theorem 2c]
THEOREM 5. dT V .L.W /; Po.//  1− e


.
X
j20
E.I j /2 C
X
j20
X
i20−j
jCov.Ii ; I j /jCP
j20
P
i20Cj Cov.Ii ; I j /C
P
j20
P
i200j .E.Ii I j /C E.Ii /E.I j ///.
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We shall apply Theorem 5 in the case, S D Sn , P.f g/ D 1
nW for all  2 Sn , 0 Df1; : : : ; n − 1g and for all i 2 0
Ii V Sn −! N
 7−!

1 if j.i C 1/− .i/j D 1;
0 otherwise:
Let  2 Sn . Then W . / D
n−1X
iD1
Ii . / D 0 if and only if Ii . / D 0 for all i 2 0, that is,
j.i C 1/− .i/j > 1 for all i 2 0.
Now we proceed to the construction of the random variables .Ji j ; i; j 2 0/. Let  2 Sn . If
I j . / D 1 then put Ji j . / D Ii . /.
If I j . / D 0, modify  to ? D  by a single transposition  , in such a way that I j . ?/ D 1
and set
Ji j . / D Ii . ?/:
Put 0−j D f j − 1; j C 1g, 0Cj D f1; 2; : : : ; j − 2; j C 2; : : : ; n − 1g and 0−j D ;.
COROLLARY 1. dT V .L.W /; Po.//  10n − 16
n2
.
To prove the Corollary we need to compute the respective expectations of W , Ii and of Ii I j ,
i.e., the product of the random variables Ii and I j .
LEMMA 8. Let i, j be distinct integers in f1; : : : ; n − 1g. We have the following:
(1) E.Ii / D P.Ii D 1/ D 2
n
.
(2)
E.Ii I j / D P.Ii D 1 \ I j D 1/
D
8><>:
2
n.n − 1/ if i 2 f j − 1; j C 1g;
4
n.n − 1/ otherwise:
(3)
Cov.Ii ; I j / D E.Ii I j /− E.Ii /E.I j /
D
8><>:
2
n.n − 1/ −
4
n2
if i 2 f j − 1; j C 1g;
4
n.n − 1/ −
4
n2
otherwise:
(4) E.W / D 2n − 1
n
.
PROOF. (1) If .i/ 2 f1; ng then there are 2.n − 2/W permutations. If .i/ 62 f1; ng
then .i/ can be chosen in n − 2 ways and .i C 1/ in two ways. Hence, P.Ii D 1/ D
2.n − 2/W C 2.n − 2/.n − 2/W
nW D
2
n
.
(2) If i 2 f j − 1; j C 1g, say i D j − 1, then we have to place . j − 1/, . j/ and . j C 1/
consecutive in that order or in its dual. Clearly there are 2.n − 2/W permutations.
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If i 62 f j − 1; j C 1g. Put ai D fi; i C 1g for 1  i  n − 1.
If f.i/;  .iC1/g D a1 then there are n−3ai s available for f. j/;  . jC1/g. The number of
permutations is 22.n−3/.n−4/W. The same number is obtained if f.i/;  .iC1/g D an−1.
If f.i/;  .i C 1/g is different from a1 and an−1 then there are 2.n − 3/ possibilities for
f.i/;  .i C 1/g and 2.n − 4/ for f. j/;  . j C 1/g. The number of permutations is then
4.n − 4/.n − 3/W. Hence,
E.Ii I j / D 4.n − 2/W
nW D
4
n.n − 1/
so proving the Lemma. 2
PROOF OF COROLLARY 1. Immediate using Lemma 8.
PROOF OF THEOREM 4. By definition we have
jL.W /.0/− Po./.0/j  dT V .L.W /; Po.//  10n − 6
n2
:
Hence,
lim
n!1.P.W D 0/− e
−2 n−1n / D 0
and so
lim
n!1 p.n/ D limn!1 e
−2 n−1n D e−2
proving the Theorem. 2
6. THE ASYMPTOTIC BEHAVIOUR OF q.n/=nW
Now we are able to give two new proofs of Nozaki et al.’s Theorem. The first one is
contained in the above proofs. Precisely, using equation (4), Theorem 4 and the fact that (see
[6]) 2pdu2 .n/=nW  p.n/ we obtain limn!1 q.n/=nW D e
−2
. For a second proof we shall argue
as follows.
Let  2 Sn − e?n , that is  and en have a non-trivial autonomous set in common. Since
in a permutation autonomous sets are intervals then there exist i; j with 2  j  n − 1 and
1  i  n − j C 1 such that
f.i/;  .i C 1/; : : : ;  .i C j − 1/g is a set of consecutive integers. Let M. j/ be the number
of permutations having this property for a fixed j  3.
LEMMA 9 ([7]). 1
nW
n−1X
jD3
M. j/ D O.1
n
/.
PROOF. We obtain an upper bound for M. j/ as follows. The number i can be chosen in
n− j C 1 ways. The values .i/; : : : ;  .i C j − 1/ can be chosen in j W.n− j C 1/ ways. The
remaining values of  can be chosen in .n − j/W ways. Thus
M. j/  .n − j C 1/2 j W.n − j/W < j W.n − j C 2/W:
It follows that
1
nW
n−1X
jD3
M. j/ < 6
n
C 6
n
C
n−2X
jD4
j W.n − j C 2/W
nW
 12
n
C .n − 5/ .n − 2/W4W
nW
D O.1
n
/:
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Hence, almost all permutations in Sn have no autonomous set of size  3 in common with en .
2
PROOF OF THEOREM 1. Let J .n/ be the number of permutations  2 Sn such that every
non-trivial autonomous set common to  and en is of size two. Let K .n/ be the number of
permutations  2 Sn sharing a non-trivial autonomous set of size  3 with en . Then we have
the following
jSn − e?n j D J .n/C K .n/;
that is
nW − q.n/ D J .n/C K .n/:
Clearly
J .n/ D nW.1− p.n//− K 0.n/;
where K 0.n/ is the number of permutations  2 Sn such that  and en have a common
autonomous set of size two and a common non-trivial autonomous set of size  3. Since
K 0.n/  K .n/ and K .n/ D O.1
n
/ (see Lemma 9) we have
1− q.n/
nW D 1− p.n/C O.
1
n
/;
that is
q.n/
nW D p.n/C O.
1
n
/: (6)
From Theorem 4 we deduce that
q.n/
nW 
1
e2
:
This completes the proof of the Theorem. 2
REMARK. Equations (4) and (6) yield to
2pdun
nW D p.n/C O.
1
n
/C O. jT .n/j
nW /:
Since lim
n!1 p.n/ 6D 0 then
2pdun
nW  p.n/:
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